Abstract. An L-space link is a link in S 3 on which all large surgeries are L-spaces. In this paper, we initiate a general study of the definitions, properties, and examples of L-space links. In particular, we find many hyperbolic L-space links, including some chain links and two-bridge links; from them, we obtain many hyperbolic L-spaces by integral surgeries, including the Weeks manifold. We give bounds on the ranks of the link Floer homology of L-space links and on the coefficients in the multi-variable Alexander polynomials. We also describe the Floer homology of surgeries on any L-space link using the link surgery formula of Ozsváth and Manolescu. As applications, we compute the graded Heegaard Floer homology of surgeries on 2-component L-space links in terms of only the Alexander polynomial and the surgery framing, and give a fast algorithm to classify L-space surgeries among them.
1. Introduction [32] . It has many applications to topological questions. See [29, 35, 23, 27, 37, 40, 24] . An L-space, which was introduced by Oszváth and Szabó, is a rational homology sphere with the simplest Heegaard Floer homology. In this paper, for simplicity, we work in the field F = Z/2Z, and then we use the following definition: There are many examples of L-spaces, such as all 3-manifolds with elliptic geometry and double branched covers over quasi-alternating links. There is a conjecture of Boyer-Gordon-Watson from [1] relating L-spaces with left-orderability of the fundamental group.
Background on L-spaces. Heegaard Floer homology is a package of invariants for 3-manifolds and links introduced by Ozsváth and Szabó in
Another important property of L-spaces is that they do not admit any taut foliations; see Theorem 1.4 from [29] . Note that in the proof of Theorem 1.4 of [29] , it is also pointed out that any Z/pZ-L-space does not admit a taut foliation for all prime numbers p. Thus, any hyperbolic L-space will provide an example of hyperbolic manifold admitting no taut foliations. Closed hyperbolic manifolds admitting no taut foliations were first found in [38] and [3] by considering their fundamental groups.
In [33] , L-space knots are introduced by Oszváth and Szabó, in order to study the Berge conjecture on lens space surgeries on knots in S 3 . There are related results towards the Berge conjecture; see [9, 10] . 3 is called an L-space knot, if there is a positive integer n, such that the n-surgery on K is an L-space.
Definition 1.2 (L-space knot). A knot K ⊂ S
Since every 3-manifold is a surgery on a link in S 3 , we study what links produce L-spaces by surgeries. In this paper, we focus on a class of these links, which are called L-space links. These links are also natural generalizations of L-space knots. The terminology of L-space links was introduced by Gorsky and Némethi in [8] to study algebraic links. Actually, Ozsváth, Stipsicz and Szabó have shown that all plumbing trees are L-space links in [26] . In this paper, we give many examples of hyperbolic L-space links including some families of two-bridge links and chain links. In turn, these hyperbolic L-space links provide many examples of hyperbolic L-spaces, including the Weeks
Fact 1.7 ([33]). Let K be an L-space knot. The knot Floer homology HF K(K) is determined by the Alexander polynomial of K, and rank( HF K(K, s)) ≤ 1, ∀s ∈ Z.
In fact, it turns out that none of the above properties extends to L-space links immediately.
L-space links.
In [8] , Gorsky and Némethi define L-space links in terms of large surgeries. The large surgeries on the link L are governed by the generalized Floer complexes A − s (L)'s with s ∈ H(L), which were introduced by Manolescu and Ozsváth in [20] . Here, H(L) is defined below. Also, see Definition 2.1 for the generalized Floer complexes.
Definition 1.9 (H(L)).
For an oriented link L with l components, we define H(L) to be the affine lattice over Z l ,
Based on the knowledge of A − s (L), we have the following necessary condition on L-space links.
Lemma 1.10. If L is an L-space link, then all sublinks of L are L-space links.
We also formulate L-space links in three other equivalent ways, which are easy to use. To this end, we study the relation between L-space surgeries and large surgeries on links. Using the L-space surgery induction lemma (Lemma 2.5) and the generalized Floer complexes, we give the following result. Using grid diagrams as in [21] , one can compute A − s combinatorially and check condition (iii) or (iv). On the other hand, for special class of links, it is more convenient to use condition (ii). For instance, it follows immediately that an algebraically split link is an L-space link if and only if it admits a positive surgery Λ such that the surgeries restricted to sublinks are all L-spaces. Note that if we work with Z coefficients, conditions (i) and (ii) are also equivalent.
In (I) All plumbing trees of unknots are L-space links. This was proved by Ozsváth and Szabó in [28] . See Example 3.12. (J) All algebraic links are L-space links. This was proved by Gorsky and Némethi in [8] . (K) See Table 3 .2 for the list of which links with crossing number ≤ 7 are L-space links.
In contrast to Fact 1.5, there are alternating hyperbolic L-space links. For example, all two-bridge links b(rq − 1, −q) with r, q > 1 being positive odd integers. Surgeries on these hyperbolic L-space links can give examples of hyperbolic L-spaces which are neither surgery nor double branched cover over any knot. See Example 3.1. In fact, surgeries on these L-space two-bridge links are always double branched covers over some links. It is not clear to us whether those links are quasi-alternating or not.
In relation to Example 1.13 (B), we make the following conjecture: Using the algorithm from [18] for computingÂ s (L) for two-bridge links, we verify that Conjecture 1.14 is true for all two-bridge links b(p, q) with p ≤ 100.
Compared with Fact 1.7, we study the Alexander polynomials of L-space links using A − s (L). [8] .
Inequality (1.2) is sharp for l = 3. The mirror of L7a7 is an L-space link with Alexander polynomial
In contrast to knots, the Alexander polynomial condition does not give strong constraints for alternating links. In [33] , it is shown that if K is an alternating knot with Alexander polynomial satisfying the condition in Fact 1.7, then K is a T (2, 2n + 1) torus knot; see Proposition 4.2 and Theorem 4.3. On the other hand, we find infinitely many hyperbolic alternating links with multivariable Alexander polynomial satisfying Inequality (1.2), including L-space links and non-L-space links. See Section 4.2. Theorem 1.15 also implies that a Floer homologically thin L-space 2-component link L has fibered link exterior.
In contrast to Fact 1.6, there are non-fibered L-space links. For example, the split disjoint union of two L-space knots is a non-fibered L-space link, since the complement is not irreducible any more. In fact, there are also many non-fibered L-space links among hyperbolic two-bridge links. See Example 3.11.
Actually, there are additional constraints on the Alexander polynomials of an L-space link; see Theorem 5.10 and Theorem 5.12 below for the precise statements. As a consequence, either of these theorems implies that L7n2 is not an L-space link, while Theorem 1.15 fails to do so.
Surgeries on L-space links.
In [33] , it is shown that for an L-space knot K, HF K(K) is determined by its Alexander polynomial. In [12] , Hom pointed out that the result from [33] further implies that the whole package of Heegaard Floer homology of surgeries on K is determined by the Alexander polynomial of K and the surgery coefficients.
In this paper, we study the Heegaard Floer invariants of integral surgeries on an L-space link L, including the completed Heegaard Floer homology HF − , absolute gradings, and the cobordism maps, using the link surgery formula of Manolescu-Ozsváth from [20] . The M-O surgery complex is an object in the category of chain complexes of F[[U ]]-modules, while it can also be considered as an object in the homotopy category of chain complexes of F[[U ]]-modules. In [18] , this is called a perturbed surgery complex. Since here the complexes are only Z/2Z-graded considered as F[[U ]]-modules, standard results in homological algebra regarding bounded below chain complexes do not directly apply. Some algebraic rigidity results are established in [18] , which imply that
Thus, for an L-space link L, the perturbed surgery complex turns out to be largely simplified. When L has 1 or 2 components, all the information needed in the perturbed surgery complex is completely determined by the Alexander polynomial and the surgery framing matrix.
together with the absolute gradings on them are determined by the following set of data:
• the multi-variable Alexander polynomial ∆ L (x, y),
• the Alexander polynomials ∆ L 1 (t) and ∆ L 2 (t),
• the framing matrix Λ.
Remark 1.18. For L-space links with more components, besides the Alexander polynomials more information are needed to determine whether the higher diagonal maps vanish or not.
Furthermore, we explicitly describe HF of surgeries on an L-space link L = L 1 ∪ L 2 by a series of formulas in terms of the Alexander polynomials and the surgery framing matrix. These formulas give a fast algorithm computing HF of these surgeries. We also give a fast algorithm for classifying L-space surgeries. As an application, we study the classification of L-space surgeries on two-bridge links, and compute some examples explicitly: (1, 1)-surgery on a family of L-space links with linking number zero,
Instead of classifying L-space links with more than 2 components, we contend to show the prevalence of surgeries on L-space links among 3-manifolds:
Question 1.19. Is every 3-manifold a surgery on a (generalized) L-space link?
If Question 1.19 had a positive answer, one could hope to compute Heegaard Floer homology by L-space links. As a matter of fact, every 3-manifold M can be realized by a surgery on an algebraically split link after connect sum with several lens spaces; see Corollary 2.5 from [25] . It is also interesting to ask whether this algebraically split link can be chosen to be a generalized L-space link.
Regarding L-space surgeries, there is a more basic question: 
, and equipped with the differential:
The stable quasi-isomorphism type of A − (H, s) is an invariant of L. For simplicity, we also write 
, which is a quasi-isomorphism. See Example 7.2 in [20] . Roughly, this is because the generalized Floer complexes of L − L i can be computed from the Heegaard diagram of L by deleting the basepoint z i , which is the same as putting
An induction will show that all sublinks are L-space links.
In contrast to knots, a weak L-space link L might be a non-L-space links. Case II:
Proof. For the case (p 1 p 2 − lk 2 ) · p 2 > 0, consider the following exact triangle of surgeries:
Thus, from the following two conditions
is an L-space for all k ≥ 0. By using the general exact triangle for a triad of 3-manifolds, the case where (p 1 p 2 − lk 2 ) · p 2 < 0 is similar.
Following the same lines, we can directly generalize this lemma to links with more components. 
In particular, if the surgery framing Λ(p 1 , ..., p l ) satisfies the above condition, then for any surgery framing
Conversely, let Λ(p 1 , ..., p l ) be the surgery framing satisfying the condition in the proposition. Let
Thus, by induction, we can show that for any surgery framing Λ = Λ(n 1 , ..., n l )
is an L-space, and this finishes the proof.
Definition 2.7.
A link is called algebraically split, if all the pairwise linking numbers are 0. 
Example 2.10. The split disjoint union of the left-handed trefoil and the right-handed trefoil is a generalized (+−)L-space link. However, it is not an L-space link, and neither is its mirror.
Let us look at some examples of 2-component generalized L-space links. 
Proof. The cases (1), (2) , and (3) are proved by induction using the long exact sequences for the surgery triad
. For the case (4), first by Lemma 2.5, we have that
(L) are all L-spaces for all non-negative integers k 1 , k 2 . Second, we can do induction to prove that S 3 (5) is similar to the case (4). 
and a normalization condition of the Alexander polynomial.
where the U i 's lower the Z-grading by 2. There is an Alexander filtration on
is an invariant of L, where A denotes the Alexander filtration. We denote this filtered homotopy type by CF L ∞ (L). By abuse of notation, we also use CF L ∞ (L) to denote a chain complex in this class.
To obtain the subcomplexes of CF L ∞ (L) governing the large surgeries, let us first recall some facts of knots. Let K be a knot in S 3 . Following [30] , we can also regard CF L ∞ (K) as a chain complex C of F vector spaces generated by triples 
One can also formulate this complex more explicitly by using a similar approach in [20] . For simplicity, we consider basic Heegaard diagram without free basepoints, i.e. a doubly-pointed Heegaard diagram of a knot K.
Definition 2.14 (
] generated by T α ∩ T β , and equipped with the differential:
The chain homotopy type of − A − (H, s) is an invariant of K and s, and we denote it by − A − s (K).
Now we can pass from knots to links.
Definition 2.15 ( ±±
. Let L be a 2-component link, and H = (Σ, α, β, w, z) be a basic Heegaard diagram of L. Then we define the following subcomplexes of the Alexander filtered complex CF L ∞ (L) [20] . One can also formulate these complexes by using E i s (φ)'s andĒ i s (φ)'s. In fact, these four sets of complexes are equivalent data of L. The advantage of considering A − s (L)'s is that they can be identified with the subcomplexes of CF L − (L) which form the Alexander filtration of CF L − (L). [30] is slightly different from the formulation of CF L ∞ (K) here. We adopt the formulation of CF K ∞ (K) in [19] , and it is the same as CF L ∞ (K) here.
Examples of L-space links and generalized L-space links
In this section, we use the lemmas and propositions in Section 2 to show some examples of L-space links and generalized L-space links. Moreover, these hyperbolic links provide many examples of hyperbolic L-spaces which are neither surgery over knots nor double branched cover over knots. For example, surgeries on the Whitehead link S 3 n,2n (Wh) with n > 0 are all L-spaces but not surgeries nor double branched cover on a knot. The season is that the first homology of these surgeries is neither cyclic nor of odd order. Figure 3 .2, where L 1 ∪ L 2 is the Whitehead link (using the convention in [39] ) and L 3 is the meridian of L 2 . The (1, 2, 1)-surgery is the Poincaré sphere, and it satisfies the positive L-space surgery criterion. Thus, it is an L-space link.
Example 3.3 (An L-space link providing the Weeks manifold). Consider the link
By Lemma 2.6, we have that for any n 1 ≥ 1, n 2 ≥ 2, n 3 ≥ 1, the surgery (n 1 , n 2 , n 3 )-surgery on L is an L-space. Thus, the (5, 3, 2)-surgery is an L-space, which is the (5, 5/2)-surgery on the Whitehead link. This surgery is the Weeks manifold; see [3] . The Weeks manifold has the smallest hyperbolic volume among closed hyperbolic 3-manifolds; see [6] . Thus, we confirm that the Weeks manifold does not admit a taut foliation.
The fact that the Weeks manifold is an L-space was already known by experts such as [14] and [4] . 
2. An L-space link giving the Weeks manifold.
Example 3.4 (T (2, 2n) torus links)
. The oriented torus links T (2, 2n) are L-space links as Corollary 3.6 below shows. We need to distinguish them from their mirrors, so see Figure 3 .3 for the precise definitions of T (2, 2n).
Lemma 3.5. For the torus links T (2, 2n), we have the following identifications of surgeries
First, for the (n + 1, n − 1)-surgery on T (2, 2n), we consider a surgery on the upper-left link L in Figure 3 .4, where L is a plumbing of unknots. After two different blowing-down procedures, we get the identification of S 3 n+1,n−1 (T (2, 2n)) with S 3 . Second, for the (n + 1, n + 1)-surgery on T (2, 2n), we similarly consider a different surgery on L, which is drawn in Figure 3 As is similar to the (n + 1, n + 1)-surgery, the (n, n + 1)-surgery is L(n, 1).
Corollary 3.6. The following surgeries on the torus link T (2, 2n) are all L-spaces:
• S 3
n,q (T (2, 2n)) with q = n. Figure 3 .3. The (n + 1, n − 1)-surgery on T (2, 2n). Consider the surgery on the upper-left link L, which is a plumbing of unknots. By blowing down the horizontal unknots H i 's, we get the surgery on the lower-left link T (2, 2n). While blowing down the black unknots V j 's, we can get the surgery on the lower-right link, which is S 3 .
Proof. We combine Proposition 2.11 and Lemma 3.5.
From
) are all L-spaces by Lemma 2.5. Thus, (−1, n − 1)-surgery is an L-space, and so is any S 3
n+1,n−1 (T (2, 2n)) = S 3 , it follows that (n, n − 1)-surgery is an L-space and thus all (n, q)-surgeries with q ≤ n − 1 are L-spaces.
From S 3 n,n+1 (T (2, 2n)) = L(n, 1), it follows that all (n, q)-surgery with q ≥ n+1 are L-spaces. Example 3.7 (Algebraic links). Gorsky and Némethi showed in [8] that every algebraic link is an L-space link. An algebraic knot can be obtained by iterated cabling of the unknot. In [11] , Hedden proved that algebraic knots are L-space knots. Note that algebraic knots include all torus knots. 
Rolfsen Twists on the black unknots
Rolfsen Twists on the blue unknots Figure 3 .4. The (n + 1, n + 1)-surgery on the T (2, 2n) torus link. Consider the surgery on upper-middle link L, which is a plumbing of unknots. After blowing down the horizontal (blue) unknots H i 's, we get the (n + 1, n + 1)-surgery on the upper-left link T (2, 2n). While after doing Rolfsen twists on the black unknots V j 's, we can get a rational surgery on the lower-middle link M , which is a lens space by blowing-down the blue unknots using Rolfsen twists again. Here, we follow [2] Chapter 12B. We prescribe an orientation on b(p, q) shown in Figure 3 .6. Note that this orientation convention is different from [2] . Lemma 3.9. For any integer n ≥ 1, the (n + 2, n + 2)-surgery on the two-bridge link b(6n Figure 3 .7. We see that L 1 ∪ L 2 is the T (2, 2n) torus link with the linking number n.
Consider the (n + 1, n + 1, 1)-surgery on L, S 3 n+1,n+1,1 (L). By blowing down the (+1)-framed component L 3 , we get the (n, n)-surgery on the T (2, 2n + 2) torus link, S 3 n,n (T (2, 2n + 2)), which is an L-space by Corollary 3.6. While the (n + 1, n + 1)-surgery on the 
from Lemma 2.5 it follows that the surgeries 
Proof of Proposition 3.8. Since det
n + 2 n − 1 n − 1 n + 2 > 0 and n + 2 > 0, Proposition 3.8 directly follows from Lemma 2.5 and Lemma 3.9.
More generally, we have the following theorem. 
Proof. Let r = 2n + 1 and q = 2k + 1. Consider rational surgeries on the 3-component link L in Figure 3 .7, with a rational coefficient on L 3 . Then we have an exact triangle for the triad
is an L-space for all positive integers k. In the proof of Lemma 3.9, we have shown
we have that Hence, from the above exact triangle it follows that S 3 
Thus, by Lemma 2.6, we get b(rq − 1, −q) is an L-space link for all positive odd integers r, q. We compute the multi-variable polynomials ∆ L (x, y) using the algorithm in [18] , and plug t or t −1 for x, y so as to get the single-variable Alexander polynomials. It turns out that b(10n + 4, −5) is not fibered with any orientation, when 2 ≤ n ≤ 6. See Table 3 .1. In fact, the fibered two-bridge knots and links are also classified by using continued fractions due to Gabai. See [5] . One should be able to generalize this to all n ≥ 2 using number theoretic arguments. Table on Knot Atlas. Consider the (n, n, 1)-surgery on L. After blowing down the 1-framed component L 3 , we get the (n − 1, n − 1)-surgery on the Whitehead link Wh. Table) . The link L drawn in Figure 3 .10 is an L-space link. It is actually the mirror of L7a7 drawn in the Thistlethwaite Link Table. Consider the (n, n, 1)-surgery on L. It is an L-space when n 0. This is because after blowing down the (+1)-framed knot, we get the L-space Whitehead link b (8, −3) . Then, it follows from Lemma 2.6 that L is an L-space link.
Example 3.14. The plumbing of unknots L in Figure 3 .11 is a hyperbolic L-space link. In fact, consider the (3, 1, 3, 1)-surgery on L, which is S 3 . By Lemma 2.6, L is an L-space link. In fact, this link is derived by resolving the Whitehead link. Thus, all the surgeries on the Whitehead link are surgeries on this link. 1, 1, 1, 1) -surgery is the Poincaré sphere. See [39] page 309. In fact, every proper sublink is an L-space link, since the surgeries on them are lens spaces. Thus, by Lemma 2.5, the (p 1 , 1, 1, 1, 1) surgery is an L-space for all p 1 ≥ 1, since det(Λ (1, 1, 1, 1, 1 )) = −1 and det(Λ (1, 1, 1 
in the figure which is a plumbing of unknots. The surgery shown is the Poincaré sphere. Since a handle slide does not change the determinants of the surgery framing matrices, blowing down a +1 framed unknot does not change the determinants of the surgery framing matrices. Thus, after successively blowing down L 1 , ..., L l−2 from L, we see that det(Λ (1, 2, . .., 2, l − 1)) = 1. For the proper sublinks, we only need to consider a linear plumbing L ⊂ L. Since the determinant of the surgery framing matrix does not depend on the orientations, we can always orient L such that all the linking numbers of adjacent components are −1. which is the surgery framing matrix of the linear plumbing in Figure 3 .13. There are four cases for computing det(Λ| L ):
It is not hard to see det(M (k, 2)) = k + 1 by induction, and thus det(M (k, n)) = nk − k + 1. Therefore, all determinants are positive. 
where c is the number of times for blowing down +1-framed unknots. The determinant of the above matrix is a polynomial of n 1 , n 2 , and the leading term is det(M (k − 2, 2))n 1 n 2 = (k − 1)n 1 n 2 . Thus, for n 1 , n 2 large enough, all the determinants are positive. Note that the link in Example 3.15 is the same as the link here for l = 5. Figure 3 .17 is a generalized L-space link of "++− · · · −" type, for any n ≥ 1. One can do similar induction as in Example 3.15 to show the following claim. Claim: For any 0 ≤ k ≤ n and all integers p 1 0,
Notice that the determinant of framing matrix det(Λ ((p 1 , p 2 , q 1 , . . . , q k , −1, . . . , −1) 
The claim will follow from two induction on n and on k. Notice that surgeries on L (n) are mostly graph manifolds. The link L6a2 is the two-bridge link b(10, 7). Conjecture 1.14 has been verified for all two-bridge links b(p, q) with p ≤ 100 using the algorithm from [18] . So L6a2 is a non-L-space link.
Example 3.19 (Thistlethwaite Link
The link L6a5 is the mirror of the left link in Figure 3 .7 with n = 1, on which the (2, 2, 1)-surgery is an L-space. Then, it quickly follows from the positive L-space surgery criterion that the mirror of L6a5 is an L-space link.
For the link L6n1, after blowing down a +1-framed component from it (all three components are symmetric), we get the unlink. So the (10, 10, 1)-surgery on L6n1 satisfies the positive surgery criterion, and thus showing that L6n1 is an L-space link.
The mirror of L7a3 consists of two components L 1 and L 2 , where L 1 is the right-handed trefoil and L 2 is the unknot. Consider the (n, 1)-surgery on the mirror of L7a3 with n large. After blowing down the unknot, we have a large surgery on the right-handed torus knot T (2, 5) . This is an L-space, since the right-handed torus knot T (2, 5) is an L-space knot. Then it follows from the positive surgery criterion that the mirror of L7a3 is an L-space link.
The link L7a6 is the two-bridge link b(14, −9), and it is not L-space link by direct computation. The link L7n1 has two components L 1 and L 2 , where L 1 is the right-handed trefoil knot and L 2 is the unknot. Consider the (10, 1)-surgery on this link. After blowing down the unknot, the trefoil is unknotted and we obtain a lens space surgery. Since the right-handed trefoil is an L-space knot, from the positive surgery criterion it follows that L7n1 is an L-space link.
The link L7n2 is not an L-space link; see Proposition 5.13 for the proof. Its mirror is not an L-space link neither, since the left-handed trefoil is not an L-space knot. However, L7n2 is a generalized (+−)L-space link. The link L7n2 consists of two components L 1 and L 2 , with L 1 being the right-handed trefoil and L 2 being the unknot. Consider the (n, −1)-surgery on L7n2 with n large. After blowing down the unknot, we get the unknot, thus getting a lens space surgery. Then, since the right-handed trefoil is an L-space knot, (n, −k)-surgery is an L-space for all k > 0 and large n by Lemma 2.5. Table with crossing number ≤ 7. Here, by "Yes" in the column "L-space link", it means either the link or its mirror is an Lspace link; by "Yes" in the column "Alexander polynomial", it means the conditions on the multi-variable Alexander polynomial in Theorem 1.15 are satisfied.
Floer homology and Alexander polynomials of L-space links
In this section, we study the link Floer homology and the multi-variable Alexander polynomials of L-space links with l ≥ 2 components. The Alexander polynomial of L is determined by the Euler characteristics of the link Floer homology HF L − (L, s), due to Equation (2) in [34] 
where f = g denotes that f and g differ by multiplication by units. Here, we use CF L − (L) rather than CF L(L) as in [33] . Note that CF L − (L, s 1 , s 2 ) is a finite dimensional F-vector space, and thus
Now we are ready to prove Theorem 1.15 from the introduction.
Proof of Theorem 1.15.
Proof. First, we consider the case of l = 2. We can identify
Consider the short exact sequence of chain complexes
where the map ι
is the inclusion map. It induces another short exact sequence of homologies 0 → coker((ι
The map (ι 
From the short exact sequence of chain complexes
Let us look at the signs of the multi-variable Alexander polynomial. Suppose
Then, we have
, the top row of Equation ( * ) is 0 or ±1. Whereas by the assumption, the bottom row of Equation ( * ) is 0 or ±2. Thus, we have 
k . As is similar in the case of l = 2, we have
Hence, we prove Inequality (1.2) by letting k = 0. Since C
(1)
Thus, Inequality (1.1) holds.
Proof. Let the symmetrized Alexander polynomial be
We choose
we have that (x 0 + 
is an iterated quotient complex of A − s . For every subcomplex C 1 ⊂ C, the quotient complex C/C 1 is quasi-isomorphic to the mapping cone of the inclusion map i : C 1 → C. Thus, it leads to an iterated mapping cone construction of CF L − (L, s) by using A − s . This provides a spectral sequence converging to HF L − (L, s) considered as F-vector spaces, which is stated in [7] . This spectral sequence also implies Inequality (1.1).
Surgeries on L-space links
Using the knot surgery formula from [36] , the graded Heegaard Floer homology of surgeries on L-space knots are determined by the Alexander polynomial and the surgery coefficient. Using M-O link surgery formula from [20] and algebraic rigidity results from [18] , we prove Theorem 1.17 and give some explicit formulas in this section.
In 
Then, if F, G : A → B are both quasi-isomorphisms of F[[U ]]-modules, then F, G are chain homotopic as maps of F[[U ]]-modules. Moreover, if H, K are both chain homotopies as homomorphisms of F[[U ]]-modules between any two chain maps f, g : A → B, i.e. H∂ + ∂H
Using these chain homotopy equivalences, we replace A − Combining this with conjugation symmetry, we determine the maps Φ ±L i s by the coefficients in the multi-variable Alexander polynomials of the sublinks in L and the linking numbers. We also show that in the perturbed surgery complex, Φ ±L 1 ∪±L 2 s = 0 for all s ∈ H(L). For higher diagonal maps, more information is needed. For 2-component case, we write down explicit formulas. 
Conjugation symmetry of inclusion maps.

Definition 5.2 (n
5.2. Perturbed link surgery formula for 2-component L-space links. We review the link surgery formula of Manolescu-Ozsváth for a 2-component link L. See [20] and Section 4 in [18] . We need some notations. Denote the set of orientations on a link N by Ω(N ). We define some projection maps by p ±L 1 (s 1 , s 2 ) = (±∞, s 2 ), p ±L 2 (s 1 , s 2 ) = (s 1 , ±∞) , and p ±L 1 ∪±L 2 (s 1 , s 2 ) = (±∞, ±∞).
Choose an admissible basic Heegaard diagram H and denote A − (H, s) by A − s . Then, the M-O surgery complex (C − (H, Λ), D − (Λ)) is as follows:
where 
Proof. We restrict our scalars to F[[U 1 ]] from now on. Consider the chain complex F[[U 1 ]], which is freely generated by a single element over
Thus, we can replace every A − s byÃ − s which is isomorphic to C u and replace the maps correspondingly so as to get a new complex (C − (H, Λ),D − (Λ)). We call it the perturbed surgery complex, and it is chain homotopic to the original one.
More concretely, we first replace the edge maps in the squares in Equation (5.1)
Next, we replace the diagonal maps
The reason we replace the diagonal maps by 0 is that, in the link surgery complex, the F[[U 1 ]]-linear diagonal maps always shift the Z-gradings by an odd number.
Finally, we get the new perturbed surgery complexC(Λ) as follows:
The perturbed complexC(Λ) is chain homotopy equivalent to the original surgery complex as
Moreover, this chain homotopy equivalence is preserving the Z-grading on it. For more details, see Section 5.6 in [18] .
Hence, we have
By Link Surgery Theorem in [20] , we have U i actions on the homology of HF − S 3 Λ (L) are all the same, i.e.
. Thus, the proof is done by Lemma 5.4. To compute the absolute grading for HF − , we only need to shift the absolute Z-grading
which can be computed from Λ.
Redefining knot Floer homology.
We redefine the knot Floer homology by using slightly generalized Heegaard diagrams. Here are the steps. For different generalized versions of knot Floer complex and homology, see [19] .
(1) Heegaard diagram: We choose a Heegaard diagram H = (Σ, α, β, {w 1 , ..., w k }, {z 1 }).
(2) Alexander grading: For any x ∈ T α ∩ T β ,
and the differentials are counting holomorphic disks. For ∀x ∈ T α ∩ T β , we have A(∂x) ≤ A(x). This is because for a pseudo-holomorphic disk in φ ∈ π 2 (x, y), n z 1 (φ) ≥ 0 and
Thus, the Alexander grading induces a filtration on CF − (S 3 ). We define the subcomplex
(4) The filtered minus knot Floer homology: We define the chain complex
The total minus knot Floer homology: We define the chain complex gCF K − (K) to be freely generated by T α ∩ T β , and
The homology HF K − (K) is defined to be the homology of gCF K − (K). Σ, α, β, {w 1 , ..., w k }, {z 1 }) for K, we have the following: 
Proof. This is actually a direct corollary of Theorem 4.10 in [20] . There are six types of Heegaard moves according to [20] , (i) 3-manifold isotopy;
(ii) α-curve isotopy and β-curve isotopy; (iii) α-handleslide and β-handleslide; (iv) index one/two stabilizations; (v) free index zero/three stabilizations; (vi) free index zero/three link stabilizations.
By Proposition 4.13 in [20] , we only need to check how the knot Floer homology changes under these Heegaard moves and their inverses.
The Heegaard moves of types (i) to (iv) are chain homotopy equivalences preserving the Alexander filtration, and thus do not change the knot Floer homology.
A Heegaard move of type (v) changes the chain complex CF − (H) into CF − (H ), which is the
Notice that U k+1 does not change the Alexander grading. Thus, if i 0 = 1, then CF K − (H , s) is the mapping cone
.
In both cases, we have that the homology of the mapping cone is
where
The Heegaard move of type (vi) changes the complex CF K − (H, s) by
However, if H 1 and H 2 are equivalent Heegaard diagrams both with a single pair of basepoints on K, then total number of copies of There is an identification
Proof. We have the following commuting diagram
where ι
+∞,s 2 −1 and ι
are both the inclusions of subcomplex. Thus, we have
Thus, the lemma follows.
Proof of Theorem 1.17.
Proof. Consider the following factorization of inclusion maps of subcomplexes
It induces a factorization of the maps on homology (I +L 2 s 1 ,s 2 ) * = (I 
Let k → ∞, and then we have χ H * (A 
where lk is the linking number of L.
Formulas for
First of all, we fix the overall signs of these Alexander polynomials to get normalization of Equation (5.5) and Equation (4.1):
For an L-space knot K, to get Equation (5.6), we require that t t−1 ∆ K (t) has finitely many nonzero positive powers and all the non-zero coefficients of t t−1 ∆ K (t) are 1, which is equivalent to ∆ K (1) = 1.
. By Equation (4.2), we have two possible cases:
In addition, we have 
Definition 5.11 (Normalization of Alexander polynomials for
Let (i 0 , j 0 ) be such that
Then, these Alexander polynomials are called normalized, if
Similarly, we have 
In fact, both of Theorem 5.10 and Theorem 5.12 give additional constraints for the Alexander polynomials of an L-space 2-component link. 
Since ∆ L (x, y) = (x−1)(y−1) √ xy and lk = 0, by Theorem 5.10, we have a
1 . This is a contradiction to a
Another proof is as follows. If we used the normalization in Definition 5.11 for L7n2, then we get n +L 1 0,0 = −1 by Equation (5.9) . This is a contradiction to Theorem 5.12.
Applications
Classifying L-space surgeries on an L-space link L is usually challenging. Let us look at an example, L = T (2, 2n). The T (2, 2) torus link is the Hopf link and its surgeries are lens spaces, so we assume n ≥ 2.
When both of p and q are not equal to n, the (p, q)-surgery on T (2, 2n) is a Seifert manifold with three singular fibers over the base S 2 . Using the notational convention in [17] , we can write 
(4) p = n + 1, q ≤ n + 1, and q = n; 
See Figure 6 .1 for the example of T (2, 20) . Nevertheless, the links T (2, 2n) are the simplest two-bridge links. In order to generally study L-surgeries on L, we give an algorithm computing HF (S 3 Λ (L)) using the Alexander polynomials. Another example is the Whitehead link. By the results in Section 6 in [18] , we have the following proposition. In order to distinguish it with its mirror, we call it the L-space Whitehead link. [20] , and we just call it truncation here. A truncation for the Λ-surgery on a 2-component link L is described by four finite subsets of H(L),
The way of doing truncation is not unique. Later, we will describe an explicit way which depends on L and Λ. DefineC
Then, the truncated perturbed complexC(Λ) for an L-space link is defined as follows: The surgery complex naturally splits as a direct sum corresponding to Spin c structures. For the Λ-surgery on L, there is an identification Spin
Then, the summandC(Λ, u) is as follows:
By putting U 1 = 0, we can get the chain complex of F-vector spacesCˆ(Λ, u), whose homology is isomorphic to HF (S 3 Λ (L), u).
Lemma 6.5. Suppose A, B, C, D are finite dimensional F-vector spaces and the following diagram commutes
We form a chain complex (R * , d * ) supported on degrees 0, 1, 2, R :
For Part (2) , there are only three cases when H * (R) = F happens,
In cases (1) and (3), we have that χ = 1 and dim H 0 + dim H 2 = 1; in case (2), we have that χ = −1 and dim H 0 + dim H 1 = 0. It is not hard to check the converse.
If Ker(v 1 ), Ker(h 1 ) are both known, then computing dim(Ker(v 1 ) ∩ Ker(h 1 )) is equivalent to computing dim(Ker(v 1 ) + Ker(h 1 )), which can be done by Gauss Elimination.
While computing Coker(v 2 + h 2 ) is the dual question for computing Ker(v * 2 ) ∩ Ker(h * 2 ). While the dual maps v * 2 and h * 2 can be obtained by reversing the arrows, since we are working over F. We can directly apply the above lemma for each truncated perturbed complexCˆ(Λ, u) for each Spin c structure. Thus, we only need to describe the truncated regions S 00 (Λ), S 01 (Λ), S 10 (Λ), S 11 (Λ) and the kernels of the mapsDˆ * * * * (Λ, u) and their dual. 01 +D 01 10 ) = 0. 6.2. Truncations. We explicitly describe the truncated regions S 00 (Λ), S 01 (Λ), S 10 (Λ), S 11 (Λ) here. Let us briefly recall the procedure to form these truncated regions for a general two-component link L in Section 8.3 [20] .
(1) Choose a number b ∈ N, such that the inclusion maps I ±L i s 1 ,s 2 's are quasi-isomorphisms whenever ±s i ≥ b.
(2) Determine a parallelogram Q in the plane, with vertices P 1 , P 2 , P 3 , P 4 counterclockwise labelled, satisfying the following condition: The point P i has the coordinate (x i , y i ) such that
We also require that every edge is either parallel to the vector Λ 1 with length greater than Λ 1 or parallel to Λ 2 with length greater than Λ 2 . (3) Decide which is the case among the six cases of the surgeries described in Figure 22 in [20] .
Then, we can decide the corresponding truncated regions according to Section 8.3 in [20] . The way of doing truncation is not unique. One explicit way to choose the parallelogram Q to be centered at the origin as follows. See Figure 6 .2.
Let
with i 0 , j 0 being positive integers, such that Equations (6.3) hold. Fix Λ and u ∈ H(L)/H(L, Λ). Suppose
We denote
Then, the truncated regions in the six cases are as follows. Case I:
In other words, for δ 1 , δ 2 ∈ {0, 1},
Case II:
Case III:
Case IV:
In other words, for δ 1 , δ 2 ∈ {0, 1}, In other words, for δ 1 , δ 2 ∈ {0, 1},
where T 00 = T 11 = ∅. Case VI: This is similar to Case V.
where T 00 = T 11 = ∅.
Remark 6.7. In all of the above cases, #S 00 (Λ, u) − #S 01 (Λ, u) − #S 10 (Λ, u) + #S 11 (Λ, u) = ±1.
6.3. Kernel ofDˆ * * * * (Λ, u). In fact, all the mapping cones ofDˆ * * * * (Λ, u) split as a direct sum of mapping cones in a common form. They look like the mapping cones in computing +1-surgery on knots. Since this type of mapping cones looks like zigzags, we just call them "zigzags". We denote the set of integers in [a, b] We define Ker(C) (resp. Coker(C)) to be Ker(f + g) (resp. Coker(f + g)).
Definition 6.9. For any element x in a 1 ≤s≤a 2 F · e s , we can represent it uniquely by x = s∈Γ e s . We call Γ the support of x, and denote it by Supp(x). Similarly, for X = {x 1 , ..., x n }, we denote {Supp(x 1 ), ..., Supp(x n )} by Supp(X). )).
After truncation, cone(Dˆ0 6.4. Examples: L-space surgeries on two-bridge links. From Proposition 2.11, we see that if a two-bridge link has an L-space surgery, then it is a generalized L-space link. By taking mirrors, we can reduce these links to two types: L-space links and generalized (+−)L-space links. We have discussed two-bridge L-space links in Section 3. By the method in this section, it is convenient to make computer programs for computing HF of their surgeries and give characterizations of L-space surgeries. However, to find a general formula of HF is not easy.
In fact, finding L-space homology spheres is more interesting. Let us try some examples here, by looking at (1, 1)-surgeries on L n = b(4n 2 + 4n, −2n − 1) for all positive integers n. This sequence of L-space links have linking numbers 0, and L 1 is the Whitehead link. 
In particular, we get the following formulas for all s 1 ∈ Z,
Since L n is a two-bridge link, we have the symmetry ν +L 1 s 2 = ν +L 2 s 1 , when s 1 = s 2 . Thus, we can let b(L n ) = n. Then, as described in Section 6.3, the truncation regions are determined by the parallelogram Q, with vertices P 1 = (n, n), P 2 = (−n, n), P 3 = (−n, −n), P 4 = (n, −n). The surgery framing is in Case I, so we have the truncated regions SoÂ s 1 ,s 2 ∈Cˆ0 0 with −n < s 1 < n, −n < s 2 < n are all in the kernel ofD 10 00 andD 01 00 . So when n ≥ 2, we have that Ker(D 01 00 ) ∩ Ker(D 10 00 ) has rank at least n 2 + (n − 1) 2 > 1. Thus, by Proposition 6.6, the (1, 1)-surgeries on L n with n ≥ 2 are never L-spaces. Similar arguments apply to (±1, ±1)-surgeries on these links. In fact, direct computations using the zigzags give that HF (S 3 1,1 (L n )) has dimension (2n − 1) 2 .
